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(Dated: O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Quantum utuation of the energy is studied for an ultraold gas of interating fermions trapped in
a three-dimensional potential. Periodi-orbit theory is explored, and energy utuations are studied
versus partile number for generi regular and haoti systems, as well for a system dened by a
harmoni onnement potential. Temperature eets on the energy utuations are investigated.
PACS numbers: 05.30.Fk, 05.45.Mt
A trapped gas of ultraold fermioni atoms onstitutes
an exiting quantum mehanial many-body system that
presently attrats muh attention, see e.g. [1℄. The on-
nement potential, as well as the atomi two-body inter-
ation, an be experimentally ontrolled [2℄, as an the
number of atoms in the trap. Due to quantum eets the
energy is expeted to vary, or utuate, in a non-smooth
way as the external parameters are varied. A ruial pa-
rameter in the determination of the utuations is the
dynamis of the system, that may orrespond to lassial
regular or haoti motion. By using semilassial meth-
ods [3, 4℄ energy utuations of the many-body system
are alulated for generi (quantum) haoti and regu-
lar systems. We show that a minimum of utuations is
obtained by making the dynamis haoti, while a har-
moni onnement potential generally gives rise to muh
larger utuations.
The atoms experiene an external trapping potential,
Vtrap, and a mutual two-body interation. For a dilute
gas the atom-atom interation is well approximated by a
zero-range delta potential, and the many-body Hamilto-
nian an be written as,
H =
N∑
i=1
p
2
i
2m
+ Vtrap(ri) +
4π~2a
m
∑
i<j
δ(3)(ri − rj), (1)
where a is the s-wave sattering length for elasti atom-
atom ollisions, that an be experimentally tuned by a
magneti eld through a Feshbah resonane [5℄, from
large negative to large positive values. We restrit the
present study to positive values of a, i.e. to repulsive
interations between the atoms. In addition, we as-
sume an ultraold gas, implying quantum eets being
important. We study a fully unpolarized system on-
sisting of N fermions with two spin-states, spin-up (↑)
and spin-down (↓). The total density is then given by,
n (r) = n↑ (r)+n↓ (r) = 2n↑ (r), where n↑ and n↓ are the
spin-up and spin-down partile densities. From Eq.(1)
the single-partile Hartree-Fok equation is obtained,[
−
~
2
2m
∆+ gn↑(r) + Vtrap(r)
]
φ↓i = ǫiφ
↓
i , (2)
where we have introdued the interation parameter g =
4π~2a/m. The eetive mean eld potential is thus given
by
Veff = gn
↑(r) + Vtrap(r). (3)
The lassial dynamis in this eetive potential denes
the motion as regular, haoti or mixed and we expet
dierent features of the orresponding quantum spetra
[6℄. The diluteness ondition of the gas is fullled when
n¯a3 ≪ 1 where n¯−1/3 is the mean inter-partile spaing.
With given onnement potential and two-body inter-
ation Eq. (2) an be numerially solved, and the to-
tal energy alulated for a speied number of atoms,
see e.g. Ref.[7℄. In this study we are, however, not in-
terested in a detailed desription, but rather in general
features of the system, and the role of the underlying
dynamis. This an be obtained by utilizing semilas-
sial methods to alulate the total energy of N on-
ned atoms, U(N) = U¯ + U˜ , at low temperature. As is
usual in semilassis [8℄, the total energy is divided into
a smoothly varying part U¯ , and a utuating part U˜ ,
and we shall fous on the non-trivial utuating energy.
At low temperatures, kBT ≪ µ, where µ is the Fermi
energy, the utuating part an be alulated as [3℄,
U˜(N) = 2~2
∑
p
∞∑
r=1
Ap,rκT (rτp)
r2τ2p
cos [rSp/~+ νp,r] ,
(4)
where the summation p runs over all lassial periodi
orbits in the eetive mean-eld potential, and r is their
repetitions. The amplitude Ap,r depends on the stability
of the orbit, Sp (E) is the lassial ation, τp = dSp/dE
the period and νp,r the Maslov index. Temperature ef-
fets are inluded through the funtion,
κT (τ) =
τ/τT
sinh(τ/τT )
, (5)
where τT = h/(2π
2kBT ). At zero temperature κT = 1.
The lassial funtions in Eq.(4) are evaluated at E =
µ. Sine Eq.(4) suers from severe onvergene prob-
lems, we haraterize the utuating energy, U˜(N), by
omputing its moments. The rst non-trivial moment is
the variane, σ2 =
〈
U˜2
〉
that gives the typial size of the
utuations. This an be written as [3℄
σ2 =
~
2
2π2
∫ ∞
0
K(τ)
τ4
κ2Tdτ, (6)
where K(τ) is the diagonal part of the spetral form fa-
tor (the Fourier transform of the two-point energy orre-
lation funtion). The form fator is by denition system
2dependent but for long times, i.e. τ ≫ τmin (τmin is the
period of the shortest periodi orbit), general statistial
properties an be derived [9, 10℄, namely
Kreg = τH (7)
for the regular ase, and
Kch =
[
2τ − τ log
(
1 + 2ττH
)]
Θ(τH − τ) +[
2τH − τ log
(
2τ+τH
2τ−τH
)]
Θ(τ − τH) , (8)
for the haoti ase. In these expressions τH = hρ¯ is
the Heisenberg time and Θ the Heaviside step funtion.
The so-alled τmin-approximation assumes the smooth
behavior of K (Eqs.(7) and (8)) all the way down to
τ = τmin; for τ < τmin there are no periodi orbits and
the form fator is zero. In this approximation simple
expressions an be derived for the energy utuations
assuming regular or haoti dynamis, by inserting the
orresponding expressions for the form fator into Eq.(6).
At temperature zero this gives [3℄,
σ2reg =
b
24π4
E2c (9)
for the regular ase, where Ec = h/τmin and b = Ecρ¯ =
τH/τmin ("dimensionless ondutane"). In the range
τmin ≪ τ ≪ τH , and for not too small numbers of par-
tiles, it is a good approximation to write Kch = 2τ .
In this approximation the energy utuations for haoti
dynamis beome,
σ2ch =
1
8π4
E2c . (10)
In the studies below we shall, however, generally inte-
grate Eq.(6) numerially. The important parameters to
determine the utuations in energy are thus the period
of the shortest periodi orbit, τmin, and the mean level
spaing at the fermi energy, δ = 1/ρ¯ = dµ/dN . As
shortest orbit we assume a "diameter orbit", i.e. mo-
tion along the diameter in the eetive potential, and
get τmin = 4
∫Rmax
0 dr/v(r), where v(r) is the lassial
veloity and Rmax orresponding maximal radius.
At non-zero temperature Eq.(6) is solved numeri-
ally using the respetive expression for the form fator,
Eqs.(7) or (8). In the limit of very low temperature an
analytial expression of the energy utuations may be
derived for the haoti ase (τT >> τH >> τmin) [11℄,
σ2ch =
~
2
2π2
[(
1
τmin
−
1
τH
)2
+
1
3
(
1
τ2H
−
1
τ2T
)]
,
and similarly for the regular ase,
σ2reg =
~
2τH
6π2τmin
(
1
τ2min
−
1
τ2T
)
.
When the trapping potential is harmoni, Vtrap =
mω2r2/2 (m is the atom mass; we shall put m=1),
the rather weak two-body interation between atoms im-
plies that the eetive potential Eq.(3) an be approxi-
mated by ωeffr
2/2+ǫr4/4 [12℄, implying regular dynam-
is. Only few periodi orbits appear, and the expression
Eq.(9), desribing a generi regular system, does not ap-
ply. Instead, utuations in energy is well desribed by
two periodi orbits, namely the irular and diameter pe-
riodi orbits [12℄. The interferene of the two orbits gives
rise to supershell struture, as notied in [7℄. The semi-
lassial expression of the energy in terms of these two
periodi orbits reprodues very well the result obtained
from a mirosopi Hartree-Fok alulation.
The seond moment of the energy is found by squar-
ing Eq.(4), inluding only the two shortest periodi or-
bits. Only the diagonal terms and those orresponding to
osines of the ation dierene ontribute, sine the oth-
ers are eliminated through the averaging proedure due
to the rapid utuations in the arguments. The resulting
expression for the energy variane beomes,
σ22po =
〈
U˜22po
〉
≈ 2~4
∞∑
k=1
κ2T
k4
[
A2d
τ4d
+
A2c
τ4c
−
Ad · Ac
τ2c τ
2
d
〈
cos
[
k
(Sd − Sc)
~
]〉]
, (11)
where Ad and Ac are amplitudes of the diameter and
irle orbits, respetively [12℄. The temperature depen-
dene simply appears in the pre-fator κT (Eq.(5)). The
rst two terms, orresponding to squares of the two peri-
odi orbits, diverge at the bifuration point ǫ = 0. Con-
vergene of the expression is, however, restored by the
ross-term.
In Fig.1 we show the energy utuations, σ2po, as a
funtion of N1/3 for some dierent interation strengths,
g = 0 (pure harmoni osillator; H.O.), g = 0.1, 0.2
and 0.4. The energy is here (and throughout the paper)
expressed in units of ~ω. Energy utuations are seen to
derease with inreasing value of g. Supershell struture
implies loal minima lose to σ2po = 0. For larger values
of g the supernode appears at smaller partile numbers.
In the ase g = 0.4 also the seond supernode is seen in
Fig.1. For this interation strength we also ompare to
the Hartree-Fok result, that is seen to give quite similar
result.
Energy utuations in a generi regular system is de-
sribed by Eq.(9). Assuming same saling with partile
number as for the H.O. for EC and ρ¯, gives energy u-
tuations as shown in Fig.2. No supershell struture ap-
pears, but σreg is found to inrease linearly with N
1/3
.
The eet of the interation strength is indeed quite
small. Compared to the harmoni onnement potential,
Fig.1, the size of the shell energy utuations is notably
smaller.
A drasti derease of energy utuations thus appears
as the number of ontributing periodi orbits inreases
from one (family) orbit for the pure osillator (g=0 ase
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FIG. 1: (Color online) Energy utuations, σ2po, versus parti-
le number,N1/3, for the H.O. onnement potential with the
two-body interation strength g = 0, 0.1, 0.2, 0.4 (blak dot-
ted, blue dashed, green solid and red dashed-dotted). Corre-
sponding Hartree-Fok result for g=0.2 is shown by the thik
solid blak line.
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FIG. 2: (Color online) Energy utuations versus partile
number, N1/3, assuming a general regular (left-hand gure)
or haoti (right-hand gure) eetive potential with the two-
body interation strength g = 0.1, 0.2, 0.4 (blue dashed, green
solid and red dashed-dotted).
in Fig.1), to two dominant orbits for the harmoni on-
nement with an interating gas (g > 0 in Fig.1), and
nally to the generi regular system (Fig.2a; e.g. a po-
tential with steep walls ) with several orbits ontribut-
ing. The diminishing of energy utuations with inreas-
ing number of periodi orbits ours due to destrutive
interferenes from several orbits. The speial shell stru-
ture with large energy gaps and degeneraies shown by
the harmoni osillator quantum spetrum, is less pro-
nouned for systems desribed by many periodi orbits.
Classial dynamis in the eetive potential may be-
ome haoti by properly arranging the onnement po-
tential. In the purely haoti ase the number of periodi
orbits inreases exponentially with the period time of the
orbit and the τmin-approximation works well. The u-
tuations of the energy originating from haoti dynamis
an thus be alulated by inserting Eq.(8) into Eq.(6). In
Fig.2b energy utuations for haoti dynamis is shown
versus partile number for dierent values of the inter-
ation strength. For large partile numbers, N > 200,
Eq.(10) is a very good approximation of σch.
In the ase of haoti dynamis, the energy utuations
are indeed very small. As ompared to the regular ase
with a harmoni onnement potential, see Fig. 1, the
utuations are about four orders of magnitudes smaller
in the haoti ase. The utuations are also seen to be
fairly independent of partile number and on the inter-
ation strength for N > 100. The drop in σch at smaller
partile numbers originates from higher order terms in
the expression for Kch, see Eq.(8).
Experimental onditions always implies a non-zero
temperature, and we shall now investigate the temper-
ature dependene of the energy utuations. We assume
that the system an be desribed by the same density
of states at T > 0 as for T = 0. This implies that the
fermi energy, the periods of the periodi orbits and the
mean level spaing are all assumed independent of tem-
perature. This turns out to be a good approximation for
temperatures here studied. The hange in temperature
thus appears only in the funtion κT , Eq.(5).
The utuation in energy at non-zero temperature is
obtained by numerially solving Eq.(6) with the form fa-
tor given by Eq.(7) for the regular ase, and by Eq.(8)
for the haoti ase. In the ase of a harmoni trapping
potential the temperature dependene of the energy u-
tuation is diretly given by κT , see Eq.(11).
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FIG. 3: (Color online) Energy utuations versus partile
number at dierent temperatures, assuming a harmoni trap-
ping potential with interation g = 0.2. The three urves are
valid for temperatures kBT/~ω = 0.0, 0.1, 0.2 (blue dashed,
green solid and red dashed-dotted).
In Fig.3 the energy utuation is shown versus par-
tile number for three dierent temperatures. For the
harmoni trapping potential with g = 0.2 the supershell
struture is learly preserved but is suppressed with in-
reasing temperature.
The temperature dependene of the energy utua-
tions is shown in Fig.4 for the three studied ases, reg-
ular dynamis in harmoni trap (ontribution from two
40 0.1 0.2 0.30
0.2
0.4
0.6
0.8
1
kBT
σ
(T
)/σ
(T
=0
)
FIG. 4: (Color online) Temperature dependene of energy
utuation relative to zero temperature for g = 0.2. H.O.
onnement (blue dashed line), generi regular in τmin (green
solid line) and haoti (red dashed-dotted line). Temperature
is expressed in units of ~ω.
periodi orbits), generi regular dynamis, and haoti
dynamis. The utuations are shown relative the T = 0
utuations. All three ases show a similar temperature
dependene. At a temperature kBT ≈ 0.1~ω the utua-
tions have dereased by 50%, and more or less no energy
utuations appear for kBT > 0.3~ω.
In summary, eets from regular and haoti dynamis
have been studied for a trapped dilute gas of interating
fermioni atoms. The utuation of the total energy was
studied using periodi orbit theory, and three dierent
dynamial systems were onsidered, regular dynamis in
a harmoni trap, general regular dynamis, and haoti
dynamis.
In the ase of a harmoni trapping potential a very
small number of periodi orbits are suient to desribe
the utuating part of the energy. If the atoms are
not interating the Hamiltonian has SU(3) symmetry
(pure harmoni osillator), and one (family) orbit ap-
pears. This gives rise to a monotonially inrease of en-
ergy utuations with partile number. A week repulsive
interation between the atoms implies the ontribution
of two dominating periodi orbits. The two orbits in-
terfere and give rise to supershell struture, where the
detailed behavior depends on the interation strength, g.
In general, the utuations were found to derease with
interation strength g, and to inrease non-monotonially
with partile number.
For a general regular system, as for example an ee-
tive potential with a at bottom and steep walls, several
periodi orbits ontribute. The utuations of the en-
ergy were then found to be proportional to N1/3, and
to be onsiderably smaller than for the harmoni trap-
ping potential. The utuations are not sensitive to the
interation strength.
If the eetive potential is arranged in suh a way that
the dynamis is haoti, the energy utuations are found
to be onsiderably diminished as ompared to the ase of
regular dynamis. Compared to the ase of a harmoni
trap, the utuations for haoti dynamis were found to
be almost four orders of magnitude smaller for partile
numbers N > 104. This means that the energy utu-
ations more or less vanish for the haoti eetive po-
tential, independent of interation strength and partile
number.
Finally, eets of temperature were desribed in peri-
odi orbit theory. As expeted, a non-zero temperature
diminishes the energy utuations. Similar dependene
on temperature was found for the studied dierent dy-
namial situations, and the energy utuation was found
to be 50% smaller at temperature kBT ≈ 0.1 in units
of ~ω, as ompared to zero temperature. For a trap fre-
queny of 104s−1 temperatures of the order of 10 nK or
smaller are thus required to observe signiant utua-
tions and supershell struture.
We are grateful to Stephanie Reimann for useful om-
ments.
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